Suppose G is a hyperbolic group whose boundary ∂ ∞ G has topological dimension k. If ∂ ∞ G is quasi-symmetrically homeomorphic to an Ahlfors kregular metric space, then, modulo a finite normal subgroup, G is isomorphic to a uniform lattice in the isometry group Isom(H k+1 ) of hyperbolic (k + 1)-space.
Introduction
In this paper we prove a rigidity theorem which generalizes results due to Sullivan [13, When G is a hyperbolic group, then the boundary ∂ ∞ G carries a metric d which is unique up to quasi-symmetry, with respect to which the canonical G-action G ∂ ∞ G is uniformly quasi-Möbius (see section 2.2 for more details). In this case the induced action on Trip(∂ ∞ G) is discrete and cocompact, so Theorem 1.1 may be applied if (∂ ∞ G, d) is quasi-symmetric to an Ahlfors k-regular space with k = topdim(∂ ∞ G) > 0.
We recall (see the discussion in 2.2) that if X is a CAT(−1)-space then any point p ∈ X determines a metric on ∂ ∞ X, and any two such metrics are bilipschitz equivalent by the identity map. In particular, the Hausdorff dimension of ∂ ∞ G with respect to any two such metrics is the same, so we may speak of the Hausdorff dimension of ∂ ∞ X. 
Let η : [0, ∞) → [0, ∞) be a homeomorphism, and let f : X → Y be an injective map between metric spaces. The map f is an η-quasi-Möbius map if for every four-tuple (x 1 , x 2 , x 3 , x 4 ) of distinct points in X, we have
Note that by exchanging the roles of x 1 and x 2 , one gets the lower bound
Hence f is a homeomorphism onto its image f (X) and the inverse f
for every triple (x 1 , x 2 , x 3 ) of distinct points in Z.
Properties of quasi-Möbius maps:
(1) The composition of an η 1 -quasi-Möbius map with an η 2 -quasi-Möbius map is an η 2 • η 1 -quasi-Möbius map.
(2) A quasi-Möbius map defined on a bounded space is quasi-symmetric. (3) Let X and Y be compact metric spaces. If f k : X → Y is a sequence of η-quasi-Möbius maps, then one of the following holds: (a) f k subconverges uniformly to an η-quasi-Möbius map or (b) There is a point x 0 ∈ X so that f k | X−{x 0 } subconverges uniformly on compact sets to a constant map.
We will need the following slight extension of property (3); the proof, like the proof of (3), is a variation on the proof of the Arzela-Ascoli theorem. 
tends to zero as j → ∞. Note that (b) cannot occur if a sequence of uniformly separated triples is mapped by the sequence f j to a sequence of uniformly separated triples.
Lemma 2.2. Let X 1 and X 2 be compact metric spaces. Suppose G X 1 and G X 2 are two uniformly quasi-Möbius actions, acting cocompactly on triples. Then any equivariant homeomorphism φ :
Proof. By symmetry it is enough to show that if (u 1 , u 2 , u 3 , u 4 ) is a four-tuple of distinct points in X 1 with small cross-ratio, then the cross-ratio of its image (v 1 , v 2 , v 3 , v 4 ) under φ is uniformly small. Choose g ∈ G so that the triple g(u 1 ), g(u 2 ), g(u 3 ) is uniformly separated. Then by the uniform continuity and G-equivariance of φ, the
) is uniformly small, and g(u 1 ) and g(u 4 ) are uniformly separated. By the uniform continuity and the equivariance of φ, we have that d(g(v 2 ), g(v 4 )) is uniformly small, and that g(v 1 ) and g(v 4 ) are uniformly separated. By the uniform separation of g(
Hyperbolic and CAT(−1)-spaces
We refer the reader to [9] for general background on hyperbolic spaces.
Let X be a Gromov hyperbolic space. If p ∈ X, a, b ∈ ∂ ∞ X, we let [a, b] p denote the Gromov product of a, b ∈ ∂ ∞ X with respect to the basepoint p. When c > 0 is sufficiently small, the function
is equivalent up to a multiplicative factor to a metric on ∂ ∞ X; any two metrics of this type are quasi-symmetrically equivalent by the identity map. Henceforth we will fix one such metric on ∂ ∞ X. The action Isom(X) ∂ ∞ X is a uniformly quasi-Möbius action, [12, Prop. 4.5] . In fact, every (L, A)-quasi-isometry f : X → X induces an η-quasi-Möbius homemorphism ∂ ∞ X → ∂ ∞ X where η depends only on L and A. By [6] , when X admits a discrete, cocompact, isometric action, then the metric on ∂ ∞ X is Ahlfors regular. Now suppose that X is a CAT(−1)-space. Then (see [2] ), for every p ∈ X we get a canonical metric on ∂ ∞ X as follows. Take a, b ∈ ∂ ∞ X, and consider points x ∈ pa, y ∈ pb, where pa and pb are the geodesic rays starting at p. Let ∆pxŷ be a comparison triangle (in the hyperbolic plane) for the triangle ∆pxy, and let∠ p (x, y) denote the angle atp. When x and y tend to infinity, the comparison angle∠ p (x, y) has a limit, which we define to be the distance between a and b. This metric agrees up to a bounded factor with the expression in (2.3) when c = 1.
Rescaling arguments
In this section, Z will be a uniformly perfect compact metric space, and G Z will be an η-quasi-Möbius action whose induced action on Trip(Z) is cocompact.
Let Y be a subset of metric space X. Then a point p ∈ X is a Hausdorff density point of Y if
quasi-Möbius map, and S has a Hausdorff density point. Then there is a quasi-Möbius map
Proof. Choose a sequence φ j of Möbius-transformations so that φ j (S) Hausdorff converges to S k . Pick three distinct points z 1 , z 2 , z 3 ∈ S k , and choose points y j1 , y j2 , y j3 in φ j (S) so that lim j→∞ y ji → z i for i = 1, 2, 3. Now choose g j ∈ G so that the triples g j • h • φ −1 j (y ji ) for i = 1, 2, 3 remain uniformly separated in Z. Applying Lemma 2.1, we obtain the desired quasi-Möbius map f : S k → Z. There is g ∈ G so that the distances
are uniformly bounded away from zero, where primes denote images under g. Pick an arbitrary point in Z, and write it in the form x ′ = g(x) where x ∈ Z.
Case 1: x ∈ B(p, R).
We may assume that ǫ is small. Then by the uniform perfectness of Z and the ǫR-density of Y in B(p, R), we can find a point y ∈ Y ∩ B(p, R) so that 1 R d(y, p) is uniformly bounded away from zero. Hence
Rearranging factors, this implies that
Case 2: x ∈ B(p, R). There is a point y ∈ Y ∩B(p, R) with d(y, x) ≤ ǫR. Since the minimal distance between the points p, u, v is √ ǫR, there are points a, b ∈ {p, u, v}
Proof of 2. This corresponds to case 1 above and we leave the details to the reader. Proof. By Lemma 3.2 there is a sequence g j ∈ G so that g j (f (S k )) converges to Z in the Hausdorff metric. Pick three distinct points z 1 , z 2 , z 3 ∈ Z, and for each 1 ≤ i ≤ 3, choose a sequence s ji ∈ S k so that
converges to z i . Now take h j ∈ Möb(S k ) so that h j (s 11 , s 12 , s 13 ) = (s j1 , s j2 , s j3 ). Then the sequence g j • f • h j subconverges uniformly to a quasi-Möbius map φ : S k → Z by property 3 (clearly alternative (b) cannot hold because of the normalization). But then φ(S k ) = lim j→∞ g j (f (S k )) = Z. Since Z is homeomorphic to a sphere, it follows from the open mapping theorem that f is also a homeomorphism.
Proof of Theorem 1.1
Let G Z be as in the statement of Theorem 1.1. Note that the fact that Z is Ahlfors k-regular for k > 0 implies that Z is uniformly perfect.
Our first objective is to verify that the hypotheses of the following theorem hold for the metric space Z: First note that our action G Z is a convergence group action in view of property 3 from section 2.1. Since Z is k-regular for k > 0, it is a perfect metric space; therefore by [4] , it follows that G is a hyperbolic group, and there is a homeomorphism φ : Z → ∂ ∞ G which conjugates the action G Z to the canonical action of G on ∂ ∞ G. Recall (see section 2.2) that ∂ ∞ G carries a natural class of mutually quasi-symmetric metrics, and that the G-action is uniformly quasi-Möbius with respect to any fixed metric in this class. Applying Lemma 2.2, φ is a quasi-Möbius homeomorphism.
By the work of Bestvina-Mess [1] , theČech cohomology group H k (Z) is nontrivial. Hence ( [10] ) there is a an essential map f : Z → S k . Using the uniform continuity of f , we find a δ 0 > 0 so that for any z ∈ Z, the map f is homotopic to a map f z which is constant in B(z, δ 0 ) and has a modulus of continuity which is independent of z. Now pick p ∈ Z, 0 < r < Diam(Z). As in the proof of Lemma 3.2, we choose a pair of points u, v with d(u, p) ≈ d(u, v) ≈ d(v, p) ≈ r, and a group element g ∈ G so that the triple g(p), g(u), g(v) is uniformly separated and Z − g(B(p, r)) has diameter < δ 0 . Note that by this normalization, the estimates from Lemma 3.2 will show that if z 1 , z 2 ∈ B(p, r) then d(g(z 1 ), g(z 2 )) tends to zero uniformly as d(z 1 , z 2 )/r tends to zero (i.e. d(z 1 , z 2 ) < α(d(z 1 , z 2 )/r) where α : [0, ∞) → [0, ∞) is a continuous function with α(0) = 0, and α is independent of p and r). Since Diam(Z − g(B(p, r))) < δ 0 , we can choose a w ∈ Z so that f w is constant on Z − g(B(p, r)); if this set is empty then any w will do. The composition h = f w • g : Z → S k has the following property. It is an essential map which is constant on Z − B(p, r). Moreover, for every ǫ > 0 there is a δ > 0 depending only on ǫ (not on the choice of p, r, and f w ) so that if
Using this last property of h, we can approximate h with a map h ′ : Z → S k which is essential, constant on Z − B(p, r), and L r -Lipschitz where L is independent of p and r. To obtain h ′ , we choose a > 0, take a maximal ar-separated subset M ⊂ B(p, r), and apply [11] to extend the restriction of h to M ∪ (Z − B(p, r) ) to a
When a is sufficiently small, h 1 (Z) will lie close to S k , and we can compose h 1 with radial projection R k+1 − {0} → S k to get the map h ′ the required properties.
By David-Semmes, there is a positive measure Borel subset S ⊂ S k and a bilipschitz map S → Z. Since S has positive measure, it has a Hausdorff density point. The image of ψ has topological dimension k, and therefore has positive k-dimensional Hausdorff measure. Since Z is k-regular, ψ(S k ) has a density point with respect to k-dimensional Hausdorff measure, and such a point is a Hausdorff density point. Therefore by Lemma 3.1 there is a quasi-Möbius map ψ : S k → Z from the standard sphere to Z. By Lemma 3.3 this quasi-Möbius map is a homeomorphism, and so our action G Z is conjugate by a quasi-Möbius homeomorphism to a uniformly quasi-Möbius action G S k which acts discretely, cocompactly on Trip(S k ). By [14] when k > 1 and by [8, 5] when k = 1, this action is conjugate by a quasi-Möbius homeomorphism to a Möbius action, which must also act discretely cocompactly on Trip(S k ).
Proof of Theorem 1.2. Under the assumptions of the Theorem, G ∂ ∞ X is a uniformly quasi-Möbius action, which is cocompact on Trip(∂ ∞ X), and ∂ ∞ X is an Ahlfors k-regular space, where k is the topological dimension of ∂ ∞ X. By Theorem 1.1, G is a uniform lattice in Isom(H k+1 ). Now [3, Théorème 0.3] implies that X contains a convex G-invariant subset isometric to H k+1 .
